The use of duality concepts has now become widespread in production and consumption theory. In both of these areas, one of the central and most useful concepts is the cost or expenditure function which represents tastes or technology through the minimum cost to consumer or producer of reaching a particular utility or output level at given prices. Under utility maximizing or cost minimizing assumptions, the value of this function is actual outlay, so that the cost function defines the relation between expenditure, prices and utility or production as the case may be. For many problems, prices and outlay are the natural variables with which to work, and it is this that makes the cost function such a convenient representation of preferences. Even so, the mathematical properties of the cost function, particularly its homogeneity and concavity, give it decisive advantages over either direct or indirect utility functions even in situations where quantities are the more natural variables. For this reason, it is useful to consider the dual of the cost function itself, retaining its mathematical properties, but defined on primal, rather than dual variables. This dual is the distance function, sometimes also referred to as the transformation function, the gauge function, or the direct cost function.
on the use of the former in deriving compensated inverse demand functions. These latter seem to have been first systematically treated by Hicks (1956, Chapter XVI) who used them to define " q-complements " and " q-substitutes " in contrast to the now standard "p-complements " and "p-substitutes ". The matrix of q-substitution effects is the Antonelli matrix of integrability theory, Samuelson (1950) , and we show how this and the Slutsky matrix of p-substitution effects can be regarded as generalized inverses of one another. Section 2 takes up Malmquist's (1953) analysis and discusses the theory of quantity and utility indices based on the distance function and its dual relation to the price and utility indices based on the cost function. Finally, Section 3 gives a brief foretaste of the application of the analysis. The familiar Ramsey rule for optimal taxation in an equity disregarding society is derived in a new and very simple form. Instead of stating the optimal tax rule in terms of its effects upon quantities, the distance function approach allows a direct characterization of the tax rates themselves. Hence, by appeal to (2) we can always write the direct utility function in the equivalent implicit form d(u, q) = 1. Clearly d(u, q) for fixed u is a scalar measure of the magnitude of q and, in this sense, it is simply a quantity index number. Similarly, for fixed q, d(u, q) is an (inverse) measure of utility. Note too that the distance function is entirely ordinal; it is defined with reference to an indifference surface and not with respect to any given cardinalization of preferences. Figure 2 illustrates. Note that ai/a; is simply the MRS along u at q. In this form, the MRS is a function of both u and q so that we can easily separate changes in the MRS due to changes in welfare from those due to changes in proportions.
THE DISTANCE FUNCTION
Property 7. Just as the Hessian of the cost function is the Slutsky matrix of compensated derivatives of quantities with respect to price, the Hessian of the distance function is the matrix of compensated derivatives of normalized prices with respect to quantity. This latter is known in the literature as the Antonelli matrix, see e.g. Samuelson (1950) . Properties 3-6 imply that, like the Slutsky matrix, the Antonelli matrix is symmetric and negative semidefinite. In observations of markets where quantities, rather than prices, are exogenous, these conditions on the Antonelli matrix would be testable in the same way that Slutsky conditions are often tested in the dual situation. Properties 1-7 mean that all the propositions of demand theory can be stated via the distance function just as they can through the cost function. Which is more appropriate depends on the problem at hand. In theory, all these indices are independent of one another but, in practice, reference levels of p, q or u, as appropriate, must be chosen and in most cases, the most natural selection is the relevant variable at either 0 or 1. Thus equations (26) In words, using current reference levels, quantity-metric utility (= real income) is no less than money-metric utility (= real income); using base reference levels, quantity-metric utility is no greater than money metric utility. These inequalities simply reflect the fact that money is better than goods. From (41), period 0's quantity vector has to be increased by more than does period 0's income to attain period l's welfare. Similarly, a proportionate reduction in current consumption levels-with proportions fixed-will decrease welfare more than an identical proportionate reduction in income. If, for example, quantities are constrained by rationing, the difference in the two indices measures the cost of rationing. Figures 3 and 4 illustrate the two inequalities. In both figures, the same two indifference curves u0 and ul are shown; u0 is reached in period 0 at Eo (Figure 3) , while ul is reached in period 1 at E1 (Figure 4) . Money metric utility, U(u', u?; p) is computed using prices of both periods to draw hypothetical tangents and then taking ratios of the perpendiculars to these tangents. Hence, from (42) i.e. the base is constantly updated. Thus columns 5 and 6 show that in 1954, substitution in response to price changes meant that a 3 9 per cent increase in quantities would have been required to match a 3-6 per cent increase in total expenditure, and both would have resulted in 1955's welfare level. Columns 7 and 8 give the same figures using base level welfare levels; 1954's welfare level would have resulted in 1955 either if quantities had been reduced by 3 2 per cent or total expenditure by 3 *6 per cent. As one might expect, the four quantity or real-expenditure indices are not very different from one another but this is a consequence of working with time-series rather than with, say, cross-country comparisons. Note however that the two price-based quantity indices, (6) and (8), are much closer together than are the two quantitybased quantity indices, (5) and (7). This appears to be due to the inelasticity of demand inherent in the calculations. Changes in prices cause less than proportionate changes in quantities so that variations in weights cause greater alterations in quantity indices, which essentially use prices as weights. Although one might reasonably expect such inelasticity to characterize a relatively aggregated breakdown of consumers expenditure such as that used in the present study, inelasticity is also an inherent property of the linear expenditure system. Note finally that the whole exercise could be repeated with price indices rather than quantity indices, comparing P1 with X/Q1 and PO with X/Qo. All these numbers can easily be constructed from the information in the table. 3. THE DISTANCE FUNCTION APPLIED TO OPTIMAL TAX THEORY One of the most celebrated results in optimal tax theory is the formula called the Ramsey rule. This applies to the situation where a government, in an economy where there is effectively only one consumer, is unable to levy lump sum taxes or a non-linear income tax, and wishes to raise a predetermined revenue by ad-valorem taxes while creating as little distortion as possible. We shall treat leisure as good zero (qo) with price po (= wage rate) and, since demand functions are homogeneous so that one tax can always be zero, we assume leisure is untaxed. We also assume that all income is earned (or that unearned income is taxed at 100 per cent without meeting the government's revenue requirement) so that the consumer's budget constraint is The use of the cost function to formulate the problem as (44) produces a very rapid and simple way of deriving the Ramsey rule (46). However, this simplicity is really due to the mathematical properties of the cost function rather than to the fact that either (44) or (46) are the natural ways to formulate and solve the problem. In particular, (46) characterizes the tax indirectly, in terms of its consequences for quantities, rather than giving an explicit, direct result. This is because the original problem is formulated in price space leading to a solution in quantity space. If we turn to the distance function we can reformulate the original problem in quantity space and, with equal simplicity, derive a solution in price space. Figure 5 illustrates the tax problem in quantity space. AT is the budget line with no tax revenue; equilibrium at E on ul is reached. With a revenue requirement, the feasible set is BD with first best optimum E* on u2. Without the possibility of lump sum transfers the government is restricted to the offer curve, here characterized by ao(u, q) _ adlaqo = lT, i.e. the price of leisure, po, divided by full income, p0T, must be on the compensated inverse demand curve. Second-best equilibrium is thus at R on U3.
Formally, the government must maximize u by choosing quantities of goods and leisure subject to the offer curve and to its own revenue requirements: 
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where liO alog ri/a log q0 and oo =-a log r0/a log q0 are compensated inverse price elasticities, or more appropriately, compensated flexibilities. This extremely elegant form is, as we shall check in the Appendix, precisely equivalent to the Ramsey rule (46). For example, when labour supply is inelastic, fo00 is infinite so that all taxes are p. Similarly if good i is in inelastic demand so that fliO is infinite, then that good attracts all the tax. In those two cases, there is no distortion. More generally, of course, distortion is inevitable, and since, on average, fliO is positive, while loo is always positive, the average tax rate must be above p. Equation (51) shows very clearly through the two flexibilities how it is that substitution gives rise to this distortion. We can also see that individual tax rates will deviate from p according to the substitutability or complementarity with leisure of the good concerned. The distortion which the revenue requirement induces takes the form of a fall in labour supply so that the tax system should attempt to remedy this by taxing relatively heavily those goods which are (q-) complementary with leisure. This distinction is even clearer if we write (50) in the form This functional structure is known as implicit or quasi-separability between leisure and goods, see Gorman (1970) , Blackorby and Russell (1976) . This condition for uniform taxation has been derived in the form of equation (54) by Simmons (1974) . Leisure is singled out because the offer curve in Figure 5 is the main determinant of the possibilities open to the government. Neither (53) nor (54) are particularly restrictive and although obviously precluding close substitutability or complementarity between individual goods and leisure, they do not impose any clearly objectionable empirical requirements. This is not the case if they are combined with weak separability between goods and leisure. Weak and implicit separability are only compatible in the separable homothetic case when total expenditure elasticities are unity. However, such stringent conditions are not required for uniform taxes under the Ramsey rule. This analysis is merely illustrative of the use of the distance function in optimal tax theory. We have made no attempt to discuss the more interesting cases where there are many consumers and equity issues are taken seriously. These problems are left for another paper.
4. CONCLUSIONS I believe that the examples given above demonstrate that the distance function has important uses in economics but they do not begin to exhaust its potential. Just as the cost function can be used in dozens of areas of economic analysis, see particularly Gorman (1976) , so can its dual. Armed with both concepts we can choose between them, not on the basis of mathematical convenience, but according to which is better suited to the economics of the problem at hand. 
APPENDIX DIRECT PROOF OF THE EQUIVALENCE OF THE TWO TAX RULES

